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One of the stunning consequences of quantum correlations in thermodynamics is the reversal of
the arrow of time, recently shown experimentally in [K. Micadei, et al., Nat. Commun. 10:2456
(2019)], and manifesting itself by a reversal of the heat flow (from the cold system to the hot
one). Here, we show that contrary to what could have been expected, heat flow reversal can
happen without reversal of the arrow of time. Moreover, contrasting with previous studies, no
initial correlations between system and bath is required. Instead, the heat flow reversal only relies
on internal quantum coherences or correlations, which provides practical advantages over previous
schemes: one does not need to have access to the bath in order to reverse the heat flow. The
underlying mechanism is explained and shown to stem from non-energetic coherences and their
impact on apparent temperatures. The phenomenon is first uncovered in a general picture for any
quantum systems containing energy degeneracy and by the end of the paper, aiming at experimental
realisations, more quantitative results are provided for a pair of two-level systems. Finally, as a
curiosity, we mention that our scheme can be adapted as a correlations-to-energy converter, which
have the particularity to be able to operate at constant entropy, similarly to ideal work sources.
I. INTRODUCTION
Recently, Micadei et al. shown in a two-level atom-
based experiment [1] the reversal of the arrow of time
thanks to initial correlations between system and reser-
voir. The macroscopic manifestation of the reversal of
the arrow of time is an astonishing heat flow reversal:
from the coldest system to the hottest one. Along with
the work of Micadei & al., a series of theoretical stud-
ies on reversal of the arrow of time [2–5] illustrates one
of the most striking consequence of correlations between
quantum systems. On a broader perspective, recent
years have seen a huge effort towards understanding the
role and impact of quantum effects such as correlations
and coherences on thermodynamics tasks as work extrac-
tion [6–10], thermal machines [11–18], quantum battery
charging [19, 20], quantum transport [21–25], and natural
or synthetic light harvesting systems [24, 26–32]. Here,
we report one more surprising effect of correlations and
coherences: heat flows reversal without reversing the ar-
row of time. One other major difference with previous
works [1–5] is that there is no need of initial correla-
tions between the system and reservoir, but only coher-
ences (or correlations) within the system (which can be
composed of several subsystems). This should simplify
significantly its experimental verification and increase its
practical interest since it means that the heat flow can be
reversed by acting only on the system instead of acting on
both the system and reservoir. Moreover, the reported
effect is shown to be valid for a large class of systems,
the essential ingredient being energy degeneracy. Fur-
ther in the paper we focus on a pair of two-level systems
(one of the the simplest and most experimentally accessi-
ble system containing energy degeneracy) to obtain more
quantitative results, including the range of temperatures
allowing for heat flow reversal, but also the amount of
energy accumulated by the reverse flows in the steady
state. Intriguingly, the scheme can alternatively be used
as correlations-to-energy converter, which can be tuned
to operate at constant entropy, reproducing ideal work
source or external (classical) power source [56, 57].
II. INDISTINGUISHABILITY AND APPARENT
TEMPERATURE
We consider a system S interacting with a thermal
bath B at temperature TB (and inverse temperature de-
noted by βB = 1/TB). We assume that S can be de-
scribed by a single energy transition ω, and that S con-
tains energy degeneracy, which includes, but not limited
to, atoms with degenerate energy levels as for instance
three-level atoms (sometimes referred to as Λ and V en-
ergy configurations) [33], ensembles of two-level systems,
ensembles of spins of arbitrary size, and ensembles of har-
monic oscillators. Then, the free Hamiltonian of S has
the form HS =
∑
n
∑ln
i=1 n|n, i〉〈n, i|, where |n, i〉 is an
eigenvector associated to the eigenenergy n. The index
i running from 1 to ln ≥ 1 denotes the degeneracy of the
energy level n. We consider a coupling between S and
the bath of the form
V = gASB (1)
where g corresponds to the coupling strength, AS is an
observable of S and B and observable of the bath. The
energy transitions of S involved in the coupling can be
obtained from AS by ΠnASΠn′ , where Πn is the projec-
tor onto the eigenspace associated to the eigenenergy n,
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2which can be expressed in terms of the eigenvectors as
Πn =
ln∑
i=1
|n, i〉〈n, i|. (2)
The form of the coupling (1) implies that all the tran-
sitions ΠnASΠn′ “see” the same bath. Equivalently, the
transitions are indistinguishable from the point of view
of the bath. We mention this point to emphasise that
in general such indistinguishability requires some exper-
imental engineering like parallel transition dipole mo-
ments [34] (for atomic systems) or subsystems (if S is an
ensemble of subsystems) at spatial locations which are
indistinguishable, or indiscernible, from the bath. This
last point can usually be obtained by confinement in a
volume much smaller than the typical variation length
scale of the bath (as for instance in superradiance [35])
or by adding an ancillary system between the S and the
bath to erase part of the information “seen” by the bath
[39–42].
All transitions ΠnASΠn′ of same energy ν = n′ − n
can be put together to form the eigenoperators (or ladder
operators) [36] associated to the observable AS ,
A(ν) =
∑
n′−n=ν
ΠnASΠn′ . (3)
The observable AS can be re-written as a sum of its eigen-
operators, AS =
∑
ν A(ν). Since we assumed that S is a
single energy transition system (or at least only a single
energy transition couples to the bath), the only eigenop-
erators different from zero are for ν = ±ω. For simplic-
ity, in the remainder of the paper we use the notation,
A(ν = ω) ≡ A and A(ν = −ω) ≡ A†. We recall that the
eigenoperators satisfy the following commutation relation
[HS ,A] = −ωA and [HS ,A†] = ωA. Note that when S
is an ensemble of n subsystems Si indistinguishable from
the bath, the eigenoperators A and A† are the sum of
the local eigenoperator ai and a
†
i of each subsystem Si,
A = ∑ni=1 ai and A† = ∑ni=1 a†i .
Under weak coupling between S and the bath, the
Markov and Born approximation are valid [36, 38] and
the direction of the heat flow between S and B is deter-
mined by TB , the bath temperature, and TS the apparent
temperature of S, defined by [37] (~ = 1, kB = 1)
TS := ω
(
log
〈AA†〉
〈A†A〉
)−1
, (4)
where 〈O〉 := TrρO denotes the expectation value of the
operator O evaluated in the state ρ. Note that in the
situation where S is an ensemble of subsystems, this re-
sult remains valid even if the subsystems are interacting
between each other (as long as the interactions conserve
the total energy of the ensemble).
Crucially, the expectation values 〈AA†〉, 〈A†A〉, and
therefore the apparent temperature TS , depend on the
populations of S, as expected, but also on the coherences
between degenerate energy levels [37]. This can be seen
simply by injecting the expressions of the eigenoperators
(3) and of the projectors (2) in the expectation values
〈AA†〉 and 〈A†A〉. This yields
〈AA†〉 =
∑
n′−n=ω
ln∑
i
〈n, i|ASΠn′AS |n, i〉〈n, i|ρ|n, i〉 (5)
+
∑
n′−n=ω
ln∑
i 6=i′
〈n, i|ASΠn′AS |n, i′〉〈n, i′|ρ|n, i〉,
(6)
where the first term (5) contains the contribution
from the populations 〈n, i|ρ|n, i〉 of S and the second
term (6) contains the contributions from the coher-
ences 〈n, i′|ρ|n, i〉 between degenerate levels. In the re-
mainder of the paper such coherences are called non-
energetic coherences as opposed to coherences between
non-degenerate levels (levels of different energy) called
energetic coherences. Note that no energetic coherence
contributes to the expectation values 〈AA†〉. The ex-
pression of 〈A†A〉 can be ontained directly from (5) and
(6) by substituting ω by −ω.
Importantly, non-energetic coherences in a many-body
system can take the form of correlations between subsys-
tems [37]. For instance, in the simple situation of a pair
of two-level systems considered in Section V, the term
χ0 = α|0〉|1〉〈1|〈0| + α∗|1〉|0〉〈0|〈1| in (16) represents a
correlation between the two subsystems (since it implies
ρ0S 6= ρ0S1ρ0S2) but it also corresponds to a non-energetic
coherence between the degenerate states |01〉 and |10〉.
Due to the presence of the term (6) in the expecta-
tion value of AA† and A†A, it is therefore possible to
manipulate the apparent temperature of S only by in-
troducing non-energetic coherences within S. Moreover,
when S is a many-body system, correlations between sub-
systems can correspond to non-energetic coherences (as
just mentioned above) and therefore also affect the ap-
parent temperature TS . In other words, correlated sub-
systems in an ensemble have an apparent temperature
which can largely differ from the apparent temperature of
a non-correlated ensemble but otherwise identical (mean-
ing same local state of each subsystem). In particular,
when S is in a thermal state at temperature TS < TB
(each subsystem is in a thermal state at temperature
TS), generating correlations between the subsystems can
make the resulting apparent temperature TS larger than
TB . This suggests that a cold ensemble interacting with
a hot bath can appear indeed hotter than the bath and
be refrigerated by this hot bath thanks to initial cor-
relations between the subsystems, refered to as internal
correlations in the following. Conversely, a hot ensem-
ble can be further heated up by interacting with a cold
bath thanks to initial internal correlations. We investi-
gate these curious phenomena in the following.
3III. REVERSING THE HEAT FLOW
Formalising the above ideas, we consider in this section
a many-body system S initially in a state
ρ0S = ρ
th
S (βS) + χ
0 (7)
composed of a thermal contribution ρthS (βS) :=
Z−1(βS)e−βSHS of temperature TS = 1/βS and parti-
tion function Z(βS) := Tre
−βSHS , upgraded by the term
χ0 containing arbitrary non-energetic coherences in form
of correlations. Importantly, correlations disappear upon
partial trace so that each subsystem of S is locally in a
thermal state at temperature TS . Therefore, assuming for
instance that the bath temperature TB is larger than TS
one expects a heat flow from the bath to S. This intu-
itive view omits the role of the correlations between the
subsystems. Indeed, the resulting apparent temperature
of S, given by (4), can be decomposed in the following
form
ω
TS =
ω
TS
+ log
1 + c+
1 + c−
, (8)
with c− := 〈A†A〉cor/〈A†A〉loc and c+ :=
〈AA†〉cor/〈AA†〉loc. The expectation value
〈AA†〉 has been split into a local contribution
〈AA†〉loc := Trρth(βS)AA† corresponding to the
term (5), and a contribution from the correlations
〈AA†〉cor := Trχ0AA† corresponding to the term (6).
A similar splitting was made for 〈A†A〉. Equation (8)
shows that the contributions from the correlations add
up to the inverse temperature βS (corresponding to
the local contribution) which can result in an apparent
temperature TS larger than TB , implying a heat flow re-
versal, from S to the bath. The necessary and sufficient
conditions for heat flow reversal are
C > 〈A†A〉loc e
ωβS − eωβB
eωβB − 1 > 0 (9)
where C := 〈A†A〉cor = 〈AA†〉cor (the equality being a di-
rect consequence of χ0 representing correlations between
subsystems, see Appendix A), and βB = 1/TB is the in-
verse bath temperature. In other words, the inequality
(9) establishes the minimal conditions on the correlations
within the ensemble S in order to have a reversal of the
heat flow. Since C is typically limited by a value of the
order of 〈A†A〉loc (to ensure the positivity of ρ0), one
can see from (9) that the heat flow reversal is in general
possible only for a limited range of inverse temperatures
βS around βB . Moreover, as expected, the closer βS and
βB , the weaker is the condition on the correlations.
Conversely, if TS > TB , one would expect a heat flow
from S to the bath, but again, the contribution from the
correlations can reverse the heat flow. This happens if
and only if
C < 〈A†A〉loc e
ωβS − eωβB
eωβB − 1 < 0. (10)
As above, |C| is limited by a value of the order of 〈A†A〉loc
so that the heat flow reversal can happen only for a lim-
ited range of inverse temperature βS around βB .
The above considerations can be extended to negative
temperatures for S but also for the bath. Indeed, effective
baths at negative temperatures (emerging for instance
from spin baths [44, 45], compositions of thermal baths
at different positive temperatures [47], or in a context
of thermal machines [46]) are quite common in thermo-
dynamics and plays an important role. Then, when βB
is negative, heat flow reversals are still possible but the
inequality signs in conditions (9) and (10) are inverted.
One other interesting extension of the above picture
is considering arbitrary initial state. Then, the thermal
state ρthS (βS) in the decomposition (7) of the initial state
ρ0S is substituted by an arbitrary product of local states of
each subsystem of S. The above results remain valid by
substituting the initial temperature TS by the apparent
temperature of the product of the local states.
Finally, for the sake of completeness, as suggested
in the previous Section II, heat flow reversals can be
achieved with single system containing non-energetic co-
herences. Considering an initial state of the form (7)
with χ0 containing non-energetic coherences and assum-
ing that TB > TS (of arbitrary signs), the conditions
for heat flow reversals can be obtained in a similar way
as for many-body systems, leading to C+eωβB − C− >
〈A†A〉loc
(
eωβS − eωβB) > 0, where C+ := 〈AA†〉coh 6=
C− := 〈A†A〉coh, with the convention 〈O〉coh := Trχ0O,
for any operator O. When TB < TS , non-energetic
coherences leading to heat flow reversal must satisfy
C+eωβB − C− < 〈A†A〉loc
(
eωβS − eωβB) < 0.
In the next section, focusing on many-body systems,
we analyse in detail how this heat flow reversal is related
to the one reported in [1]. Interestingly, although both
phenomena can be described within the same formalism,
they are different in nature. In particular, the present
heat flow reversal is not related to reversal of the arrow
of time by contrast to [1].
IV. DECREASE OF MUTUAL INFORMATION
The reversal of the arrow of time reported in [1] relies
on the decrease of the mutual information between S and
the bath B, defined by [48]
I(S : B) := SS + SB − SSB , (11)
where SX := −TrXρX ln ρX , denotes the von Neumann
entropy and ρX the density operator of the system X =
S,B, SB, respectively. Since the mutual information is
always positive, being equal to zero only when S and B
are uncorrelated [48], a decrease of mutual information
I(S : B) is possible if and only if S and B are initially
correlated. As a consequence, the entropy production can
become negative [1–5], corresponding to reversing the ar-
row of time. One of its surprising macroscopic manifes-
tation is a heat flow reversal [1, 4, 5].
4Using the same formalism as in [1, 5], we show that
even with S and B initially uncorrelated (I(S : B) =
0), one can still have a heat flow reversal. This also
provides an alternative point of view on the results of
the previous section III. The key idea is to substitute
the mutual bipartite information I(S : B) by the three
partite mutual information I(S1 : S2 : B) defined as
follow,
I(S1 : S2 : B) := SS1 + SS2 + SB − SSB . (12)
Due to the subadditivity of the entropy [48], we have
I(S1 : S2 : B) ≥ I(S : B) which guarantees the positivity
of I(S1 : S2 : B). Then, even if S and B are initially
uncorrelated we can still have I(S1 : S2 : B) > 0 thanks
to initial correlations between S1 and S2. This provides
a “fuel” sufficient to reverse the heat flow as we show in
the following.
We derive an expression of Q, the heat (exchanged
between the initial and final instant of time) from B to
S, in term of the variation of the mutual information.
We assume that S is initialised in a state of the form (7),
that is a product of local thermal states upgraded by
some correlations χ0. Since B, S1, and S2 are initially in
thermal states, the relative entropy between the initial
state ρ0X and the state ρ
t
X at an arbitrary instant of time
t is equal to
S(ρtX ||ρ0X) := TrXρtX(log ρtX − log ρ0X)
= −SX + βXEtX + logZX , (13)
where X stands for S1,S2, or B, and E
t
X := TrXρ
t
XHX .
From such identity and since S(ρ0X ||ρ0X) = 0 one obtains
S(ρtX ||ρ0X) = −∆SX + βi∆EX , (14)
where ∆O := Ot − O0 is the variation of the quantity
O = EX , SX . Finally, assuming that the first law is
satisfied (conservation of energy) ∆ES = −∆EB := Q,
an expression of the heat exchanged Q can be obtained
as follows
(βS − βB)Q= βS∆ES + βB∆EB
= βS∆ES1 + βS∆ES2 + βB∆EB
= ∆I(S1 : S2 : B) + S(ρ
t
S1 ||ρ0S1)
+S(ρtS2 ||ρ0S2) + S(ρtB ||ρ0B), (15)
where the identity ∆ES = ∆ES1 + ∆ES2 holds exactly if
we assume that S1 and S2 are not interacting. When S1,
S2, and B are initially uncorrelated (I(S1 : S2 : B) = 0),
all the terms in the right-hand side of (15) are pos-
itive so that Eq. (15) expresses the “natural” heat
flow, from the hottest to the coldest system. However,
when S1 and S2 are initially correlated, the variation of
the tripartite mutual information can be re-written as
∆I(S1 : S2 : B) = ∆I(S1 : S2) + ∆S(ρB), which can
become negative. For S1 and S2 highly correlated, the
negative contribution from ∆I(S1 : S2) can even dom-
inate all other positive contributions in the right-hand
side of (15), imposing a reversal of the heat flow (when
the left-hand side becomes negative). This requires ini-
tial correlations between S1 and S2 to be high enough,
which is expressed by Eqs. (9) and (10).
Importantly, the entropy production, equal to [49, 50]
Σ = ∆I(S : B)+S(ρtB |ρ0B) is always positive, so that the
arrow of time is not reversed by contrast with [1].
V. PAIR OF TWO-LEVEL SYSTEMS
In this section we focus on the same system consid-
ered in [1], a pair of two-level systems, in order to ob-
tain simple quantitative results which could be verified
experimentally. Note that in a previous paper [43] we
discussed the thermodynamic effects of bath-induced co-
herences in this same system. Here, we focus on a dif-
ferent and somehow opposite aspect: how correlations
(or coherences) initially present in the system can dra-
matically affect both its on going evolution and steady
state energy. Following the previous sections, we as-
sume that the pair of two-level systems interacts with
the bath at inverse temperature βB through the collec-
tive ladder operators S+ := σ+1 +σ
+
2 and S
− := σ−1 +σ
−
2 ,
well-known from superradiance [35] and playing the role
of A† and A. The local ladder operators can be ex-
pressed in term of the ground and excited state |0〉
and |1〉 of each two-level systems, namely σ+i := |1〉〈0|
and σ−i = |0〉〈1|. We assume that the pair is initially
in a state ρ0S = ρ
th
S (βS) + χ
0 of the form (7), with
HS = ω
∑2
i=1 σ
+
i σ
−
i , Z(βS) = (1 + e
−ωβS )2, and
χ0 = α|0〉|1〉〈1|〈0|+ α∗|1〉|0〉〈0|〈1| (16)
(adopting the convention that the tensor product order is
taken to be the same for “bras” and “kets”). Note that
we choose χ0 containing only non-energetic coherences
since, as mentioned in Section III, energetic coherences
do not play any role in the apparent temperature. This
choice also corresponds to the initial correlations in [1].
Applying the results of Section III we have C =
Trχ0S+S− = 2<α (< denotes the real part) and
〈S+S−〉loc = TrρthS (βS)S+S− = 2(1 + eωβS )−1, so that a
reversal of the heat flow happens if and only if
<α > αc := e
ωβS − eωβB
(eωβS + 1)(eωβB − 1) > 0 (17)
for βS/βB > 1 (remaining valid for temperatures of ar-
bitrary sign). Conversely, for βS/βB < 1, the heat flow
reversal happens for
<α < αc < 0. (18)
As mention in Section III, the authorised values of
<α are limited by the positivity condition of ρ0S which
imposes here |α| ≤ e−ωβS/Z(βB), so that |<α| ≤
e−ωβS/Z(βB). This yields some constraints on the re-
spective values of βS and βB for which the heat flow can
5be reversed by internal correlations. For instance con-
sidering a bath at positive temperature, the heat flow
can be reverted for TS < TB only if TS is not too small
compared to TB , in proportions stated by the following
inequality,
ωβB ≥ ωβS − log 1 + 2e
ωβS
2 + eωβS
. (19)
One should note that the term log 1+2e
ωβS
2+eωβS
is always pos-
itive, taking values in the interval [0; log 2]. Conversely,
if TS > TB > 0, the heat flow can be reversed only if
ωβB ≤ 2ωβS + log(1 + 2e−ωβS ). (20)
Note that (20) is less restrictive than (19). This surpris-
ing asymmetry means that it is in general more difficult
to increase the apparent temperature from correlations
than to reduce it.
A. Illustration
As illustration of the above ideas, Fig. 1 (a) presents
plots of ES := TrSρSHS , the energy of S, as a function
of time (normalised by the characteristic evolution time
scale, G(ω)−1, see Appendix B) for values of <α ranging
from −e−ωβS/Z(βS) to e−ωβS/Z(βS), with ωβS = 3.5
and ωβB = 4. Thus, this is a situation where one
would expect the heat to flow from S (the hottest) to
B (the coldest). The green curve corresponds to no ini-
tial correlations whereas the purple curve and the red
curves correspond to the minimal and maximal correla-
tions allowed, namely <α = −e−ωβS/Z(βS) ' −0.028
and <α = e−ωβS/Z(βS) ' 0.028, respectively. The
blue and orange curves correspond to intermediate val-
ues (<α = −0.02 and <α = 0.015, respectively). The
derivation of the expression of ES as a function of time
is detailed in Appendix B.
These curves deserves several comments. First, one
can see from the purple and blue curves that not only
the heat flow is reversed for these initial correlations,
but the steady state of the pair has actually a higher
energy than initially: S is heated up by a colder bath.
In the following, we refer to this kind of heat flow re-
versal between the initial and steady state as permanent
heat flow reversal. Note that in principle the conditions
(17) and (18) only guarantee the reversal of the heat
flow at the initial instant of times, so that the perma-
nent heat flow reversal observed for the purple and blue
curves was not necessarily expected. In Appendix C we
come back in more details on this point and show that
the conditions for permanent heat flow reversal are the
same as (9) and (10) when substituting αc by αp, where
|αp| > |αc|. In other words, a permanent heat flow re-
versal requires (slightly) stronger initial correlations than
heat flow reversal. Secondly, the permanent heat flow re-
versal can be very important (up to 50% of the initial
energy). This is the object of the next section “Maximal
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FIG. 1. (a) Plots of the energy ES of S as a function of
time (normalised by the characteristic evolution time scale,
G(ω)−1, see Appendix B) for different initial correlations
and with ωβS = 3.5 and ωβB = 4. The purple, blue,
green, orange, and red curves corresponds to initial corre-
lations with <α = −e−ωβS/Z(βS) ' −0, 028 (the minimal
allowed value), <α = −0.02, <α = 0, <α = 0.015, and
<α = e−ωβS/Z(βS) ' 0, 028 (the maximal allowed value),
respectively. The dot-dashed black curve is the evolution of
the thermal energy (which corresponds to an independent dis-
sipation of each subsystem of S). (b) Plots of the apparent
temperature TS of S as a function of the (normalised) time
for ωβS = 3.5 and ωβB = 4. Each curve represents different
initial correlations identified by the same colour as in (a) and
the dot-dashed black curve represents the time evolution of
the temperature for an independent dissipation. The dot grey
line represents the bath temperature, to which all apparent
temperatures eventually converge.
reversal of heat exchanges”. Finally, as a reference, we
also plot (dot-dashed black curve) the evolution of the
thermal energy which corresponds to the situation where
each subsystem interacts independently with B so that
it remains in a thermal state at all times and equilibrates
to the thermal state at the bath temperature. Compar-
ing the green and dot-dashed black curves one recovers
the effect of mitigation of the bath’s action described in
[43, 51] (consequence of the indistinguishability of the
subsystems constituting S).
It is also insightful to look at the time evolution of the
apparent temperature of S. In Fig. 1 (b) we plot TS as
a function of (the normalised) time for ωβS = 3.5 and
ωβB = 4. The derivation of the time evolution of TS can
be found in Appendix B. Each curve corresponds to a dif-
ferent initial correlation (characterised by <α) identified
6by the same colour as in Fig. 1 (a). One can see the huge
impact correlations have on the apparent temperature,
which explains the subsequent impact on the energy ES ,
Fig. 1 (a). Moreover, while reaching the steady state,
all curves eventually converge to the bath temperature
1/βB = 1/4 (dotted grey line). The dot-dashed black
curve represents the time evolution of the temperature
for independent dissipation of each subsystems.
Finally, one can also observe that the dissipation
process is slower through independent dissipation (dot-
dashed black curve) than collective dissipation (full
curves). This phenomenon of equilibration speed-up
stemming from collective dissipation was recently studied
in [52, 53].
B. Maximal heat flow reversal
In this section we briefly study how large can be the
permanent heat flow reversal with respect to the initial
energy of S. We use the expression of the steady state
energy derived in [43] (derivation also provided in Ap-
pendix B),
E∞S (βS , βB ,<α)
ω
= 1 +
(<α+ z(βS))
(
e−2ωβB − 1)
1 + e−ωβB + e−2ωβB
(21)
with z(βS) := (1 + e
−ωβS + e−2ωβS )/Z(βS), recalling
that Z(βS) = (1 + e
−ωβS )2. For βB > 0 and βS <
βB , the maximal heat flow reversal is achieved for an
initial correlation with the minimal allowed real part,
<α = <αmin := −e−ωβS/Z(βS) (implying α = <α), and
for βS tending to βB (as one could expect). In Fig. 2
(a) we show the plot of the maximal heat flow rever-
sal ∆ES := E
∞
S (βB , βB ,<αmin) − E0S(βS) as a function
of ωβB for βS = βB , where E
0
S(βS) denotes the initial
energy, equal to the thermal energy at inverse tempera-
ture βS , namely E
0
S(βS) = 2
e−ωβS
1+e−ωβS . One can see that
the permanent heat flow reversal can go up to an energy
equal to 0.12ω and represent a gain of energy up to 50%
of the initial energy as shown in Fig. 2 (b). This is a
very significative effect.
For βS > βB > 0, the maximal heat flow reversal is
achieved for an initial correlation with the maximal al-
lowed real part, <α = <αmax := e−ωβS/Z(βS) (implying
α = <α), and for βS tending to βB . The corresponding
plots are the same as Fig. 2 (a) and (b) but with negative
signs. Finally, for βB < 0, the results are similar (and
can be obtained from the above ones just by inverting
<αmin and <αmax).
C. Conversion of correlations into energy
In the previous section V B, we show that maximal
(permanent) heat flow reversals happen for extremal val-
ues of the initial correlations and for βS = βB . This
situation is also interesting by itself: the on going energy
(a) 2 4 6
ωβB
0.05
0.1
ΔES/ω
(b) 2 4 6
ωβB
0.25
0.5
ΔES/E0S
FIG. 2. (a) Plot of the maximal heat flow reversal ∆ES :=
E∞S (βB , βB ,<αmin) − E0S(βS) as a function of ωβB , and for
βS = βB . (b) Plot of the maximal heat flow reversal nor-
malised by the initial energy ∆ES/E
0
S(βS) as a function of
ωβB .
exchanges occur only thanks to the initial correlations. In
other words, this is a direct conversion of correlations into
energy. Driven by the curiosity about this intriguing pro-
cess, we mention some of its interesting properties. The
following considerations go slightly beyond the scope of
this paper, but we found them worth the following brief
overview.
We first focus on the variation of entropy of S dur-
ing the conversion process. Using the expression of the
steady state derived in Appendix B one can derive the
expression of S∞S , the steady state entropy of S (see
Appendix D for the detail of the expression). Fig. 3
(a) displays the plot of the the variation of entropy
∆SS := S
∞
S − S0S between the initial and steady state
as a function of ωβB for α = <α = <αmin (purple curve)
and α = <α = <αmax (red curve). It is insightful to
analyse these curves while keeping an eye on Fig. 3
(b) which displays the energy exchange ∆ES as a func-
tion of ωβB , still for α = <α = <αmin (purple curve)
and α = <α = <αmax (red curve). Note that Fig. 3
(b) is just an extension of Fig. 2 (a) to negative bath
temperature and displaying the symmetric situation of
α = <α = <αmax.
Interestingly, one can see that the value ωβB ' 0.7 is
very peculiar for the red curve. Indeed, around this point,
the initial and final entropy are the same while the en-
ergy variation is highly negative as shown by 3 (b). We
have here an interesting setup which reproduces perfectly
7(a)
2 4 6-2-4-6 ωβB-0.1
0.1
0.2
0.3
ΔSS
(b)
2 4 6-6 -2-4 ωβB-0.05-0.1
0.05
0.1
ΔES/ω
FIG. 3. Plots of (a) the entropy variation ∆SS = S
∞
S − S0S
between the initial and steady state of S, and (b) the energy
exchange ∆ES = E
∞
S − E0S , as functions of ωβB for <α =
<αmin (purple curves) and <α = <αmax (red curves).
(at least around the value ωβB = 0, 7) the ideal quantum
battery or external (classical) energy source [56, 57]: it
delivers energy without changing its entropy, which cor-
responds to the idea of perfect work generator. Then,
could one say that this process is a conversion of correla-
tions into perfect work? It also rises recurrent questions
regarding the nature of the difference between heat and
work as it is usually understood that energy exchanges
with a thermal bath are exclusively heat (independently
of the sign of the energy exchanges).
VI. CONCLUSION
This work presents a curious phenomenon of heat flow
reversal without reversal of the arrow of time, in con-
trast to previous works [1–5]. This phenomenon is firstly
unveiled in a general context as a consequence of the im-
pact of correlations and non-energetic coherences on the
apparent temperature of the system S [37]. This empha-
sises that the apparent temperature [37] is not merely a
mathematical tool, but that it has real physical meaning
and consequences which could be tested experimentally
relatively easily in pairs of two-level systems.
Then, adopting the formalism used in [1, 5], we provide
an alternative view: the degradation of initial internal
correlations provides a kind of “fuel” for heat flow rever-
sal. Still, there is a fundamental difference with [1, 5]: in
our protocol, system and bath are initially uncorrelated,
which guarantees the positivity of the entropy production
and therefore does not affect the arrow of time. Even
though, we show that initial internal correlations (cor-
relations within S), can also lead to heat flow reversal.
In this sense, our setup has the advantage that is does
not need previous preparation steps involving both sys-
tem and bath (not always accessible or controllable), but
only preparation steps on the system. Note also that
since the reported effect only requires correlated subsys-
tems interacting collectively with a bath, it might occur
in several many-body experimental setups but also in or-
ganic structures or living organisms.
Aiming at accessible experimental realisations, we then
focus on a pair of two-level systems (used in [1]). We show
that the heat flow reversal can be very large, leading to
permanent heat flow reversal up to 50% of the initial
energy. One might expect this phenomenon to become
larger and larger as the number of subsystems increases
in a similar way as indistinguishability has growing im-
pact in spin ensembles of increasing spin number [51]. It
would be indeed interesting to investigate such heat flow
reversal in larger systems.
We finally broaden the study pointing at intriguing
processes of correlations-to-energy conversion. In partic-
ular, we point out a regime where the correlations-to-
energy conversion operates at constant entropy, repro-
ducing the behaviour of external energy source or pure
work source.
Our results uncover the central role played by non-
energetic quantum coherences in dissipation processes,
leading to diverse curious phenomena such as heat flow
reversals. An interesting question would be to investi-
gate in more details whether non-energetic coherences
also play a special role in entropy production as com-
pared to the role played by energetic coherences recently
studied in [58].
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Appendix A: Equality of 〈A†A〉cor = 〈AA†〉cor
The equality of 〈A†A〉cor = 〈AA†〉cor mentioned in the
main text is a direct consequence of the delocalised na-
ture of the correlation term χ0. Denoting by ai and a
†
i
the local eigenoperators of each subsystems Si so that
8A = ∑i ai (A† = ∑i a†i ), we have
〈A†A〉cor =
∑
i,j
Trχ0aia
†
j
=
∑
i
Trχ0aia
†
i +
∑
i6=j
Trχ0aia
†
j
=
∑
i 6=j
Trχ0aia
†
j
=
∑
i 6=j
Trχ0a†jai
= Trχ0A†A
= 〈AA†〉cor (A.1)
where the term Trχ0aia
†
i = Trχ
0a†iai =
Tria
†
iaiTrS/Si(χ
0) is null for all i since TrS/Si(χ
0),
the partial trace of χ0 over all subsystems other than Si,
is null (the correlations does not contribute to the local
states).
Appendix B: Expression of the energy of S as a
function of time
The following derivation was already detailed in the
Supplementary Material of [37] (Section VIII). We just
reproduce it here for the sake of completeness. Based on
the form of the system-bath coupling (1) one can derived
the following master equation, valid under weak coupling,
which legitimates the Born and Markov approximations
[36, 38],
ρ˙IS = −iΩL
2∑
i=1
[σ+i σ
−
i , ρ
I
S ]− iΩ1,2[σ+1 σ−2 + σ−1 σ+2 , ρIS ]
+G(ω)(2S−ρISS
+ − S+S−ρIS − ρISS+S−)
+G(−ω)(2S+ρISS− − S−S+ρIS − ρISS−S+).
(B.1)
In the above equation we used the following quantity,
G(ω) :=
∫∞
−∞ due
iωuTrρBB(s)B, which is Fourier trans-
form of the bath correlation function TrρBB(s)B, where
ρB is the bath density matrix and B(s) is the bath opera-
tor introduced in (1) in the interaction picture. Further-
more, the operators σ+i and σ
−
i are the ladder operators
of the two-level system Si (spin or atom) defined in Sec-
tion V, S+ =
∑2
i=1 σ
+
i and S
− =
∑2
i=1 σ
−
i are the col-
lective ladder operators also introduced in Section V, ΩL
is the Lamb shift, and the term proportional to Ω1,2 cor-
responds to the interaction between the two subsystems
S1 and S2 (which can be taken to zero if the two sub-
systems do not interact). In the case of two atoms this
interaction between subsystems would correspond to the
Van der Waals interaction. Note that the above mas-
ter equation is valid for any stationary bath [37, 54, 55],
which includes some non-thermal baths. In such situa-
tions, the bath inverse temperature βB is substituted by
the inverse of the bath apparent temperature which can
be simply defined as ω[log[G(ω)/G(−ω)]]−1 [37, 54].
The dynamics described by (B.1) can be easily solved
by considering the basis {|ψ0〉, |ψ+〉, |ψ−〉, |ψ1〉} with
|ψ±〉 = (|01〉 ± |10〉)/
√
2, |ψ0〉 = |00〉, and |ψ1〉 = |11〉.
In such basis the collective ladder operators can be ex-
pressed as S+ =
√
2|ψ+〉〈ψ0| +
√
2|ψ1〉〈ψ+| and S− =√
2|ψ0〉〈ψ+| +
√
2|ψ+〉〈ψ1|. From (B.1) one obtains the
following dynamics for the populations pi := 〈ψi|ρS |ψi〉,
i = 0, 1,+,−,
p˙1 = 4G(−ω)p+ − 4G(ω)p1
p˙0 = 4G(ω)p+ − 4G(−ω)p0
p˙+ = 4G(ω)(p1 − p+) + 4G(−ω)(p0 − p+)
p˙− = 0. (B.2)
The steady state populations can be obtained by can-
celing the time derivatives in the above system of equa-
tions. Alternatively, one can also solve the above system
to obtain the time evolution of the populations. This is
simplified by noting that p˙1 + p˙0 + p˙+ = 0, which im-
plies that r := p1 + p0 + p+ is a constant determined by
the initial conditions. The system can therefore be re-
duced to a system of two linearly independent equations
(substituting for instance p1 by r − p0 − p+),
p˙0 = 4G(ω)p+ − 4G(−ω)p0
p˙+ = −4[G(ω)−G(−ω)]p0 − 4[2G(ω) +G(−ω)]p+
+4G(ω)r. (B.3)
The reduced system is diagonalised by the quantities
q± := p+ + (1 ±
√
G(−ω)/G(ω))p0, with the associated
eigenvalues a± := 4[±√G(ω)G(−ω) − G(ω) − G(−ω)],
so that
q˙± = a±q± + 4G(ω)r, (B.4)
and
q±(t) = ea
±tq±(0) + 4G(ω)r
ea
±t − 1
a±
. (B.5)
From the time evolution of q±(t) one can deduce straight-
forwardly the expression for the time evolution of the
populations p0, p+, p1, the energy ES/ω = 2p1+p++p−
and the apparent temperature TS = ω
(
log p0+p+p1+p+
)−1
.
Applying the deduced expressions for different values of
the initial correlations (<α varying from the minimal to
the maximal allowed value), one obtains the plots of Fig.
1.
The corresponding steady state populations are
p∞0 = r
1
1 + e−ωβB + e−2ωβB
,
p∞+ = r
e−ωβB
1 + e−ωβB + e−2ωβB
,
p∞1 = r
e−2ωβB
1 + e−ωβB + e−2ωβB
,
p∞− = 1− r, (B.6)
9which yields a steady state energy equal to
E∞S = 1 + r
e−2ωβ − 1
1 + e−ωβB + e−2ωβB
(B.7)
When the initial state is of the form (7), the constant r
is equal to
r = <α+ z(βS), (B.8)
where z(βS) := (1+e
−ωβS +e−2ωβS )/Z(βS), which leads
for the steady state energy to the expression (21) an-
nounced in the main text.
For the coherences, defined as ρij := 〈ψi|ρIS |ψj〉, i, j ∈
{0, 1,+,−}, one obtains (including the Lamb shift in the
interaction picture),
ρ˙+,− = −2
[
G(ω) +G(−ω) + iΩI
]
ρ+,−
ρ˙1,− = −
[
2G(ω) + iΩI
]
ρ1,−
ρ˙0,− = −
[
2G(−ω) + iΩI
]
ρ0,−
ρ˙1,0 = −2[G(ω) +G(−ω)]ρ1,0 (B.9)
which straightforwardly gives 0 as steady state solution.
The dynamics of the two remaining coherences is coupled,
ρ˙1,+ = −
[
2(2G(ω) +G(−ω))− iΩI
]
ρ1,+ + 4G(−ω)ρ+,0
ρ˙+,0 = −
[
2g(G(ω) + 2G(−ω)) + iΩI
]
ρ+,0 + 4G(ω)ρ1,+,
(B.10)
and also leads to 0 as steady state solution. Finally, one
can write the steady state in the form,
ρ∞S =
r
1 + e−ωβB + e−2ωβB
(
e−2ωβB |ψ1〉〈ψ1|
+e−ωβB |ψ+〉〈ψ+|+ |ψ0〉〈ψ0|
)
+ (1− r)|ψ−〉〈ψ−|.
(B.11)
Appendix C: Permanent heat flow reversal
As commented in Section V in the main text, the con-
ditions (9) and (10) correspond to reversal of the heat
flow at initial times, but does not guarantee that the heat
flow remains inverted throughout times until S reaches
its steady state, what we call permanent reversal of the
heat flow. We show now that a permanent reversal re-
quires indeed a higher level of initial correlations. From
the expression of the steady state energy (B.7) (or (21)
in the main text)
E∞S = 1 +
(<α+ z(βS))(e−2ωβ − 1)
1 + e−ωβB + e−2ωβB
, (C.1)
compared to the initial energy E0S := Trρ
0
SHS =
2 e
−ωβS
(1+eωβS
, one obtains that a permanent heat flow re-
versal takes place if and only if
<α > αp > 0, for βS/βB > 1
<α < αp < 0, for βS/βB < 1 (C.2)
with αp := z(βB)
1+e−ωβB
1−e−ωβB
1−e−ωβS
1+e−ωβS − z(βS). Note that
the above conditions are valid for βS and βB of arbitrary
sign. A comparison with αc the critical value required
for <α to induce heat flow reversal introduced in (9) and
(10) shows that |αc| < |αp| which implies that perma-
nent heat flow reversal always requires a higher level of
correlations/coherences.
Appendix D: Expression of the steady state entropy
The steady state entropy (von Neumann entropy) can
be obtained from the expression of the steady state
(B.11). Since the expression is given in a basis that diag-
onalises ρ∞S , it is straightforward to show that the steady
state entropy is
S∞S := −Trρ∞S ln ρ∞S
= r ln[(1 + e−ωβB + e−2ωβB )/r]− (1− r) ln(1− r)
+rωβB
e−ωβB + e−2ωβB
1 + e−ωβB + e−2ωβB
, (D.1)
where r := 〈ψ0|ρ0S |ψS〉 + 〈ψ0|ρ0S |ψ0〉 + 〈ψ0S |ρ0|ψ0〉 is a
constant introduced in Appendix B together with the
basis {|ψ0〉, |ψ+〉, |ψ−〉, |ψ1〉} defined by |ψ±〉 = (|01〉 ±
|10〉)/√2, |ψ0〉 = |00〉, and |ψ1〉 = |11〉. For initial states
of the form (7) with χ0 given by (16) one has simply r =
z(βS) +<α, with z(βS) := (1 + e−ωβS + e−2ωβS )/Z(βS).
Such initial states can be re-written in a diagonal form
as
ρ0S =
e−2ωβB
Z(βB)
|ψ1〉〈ψ1|+
(
e−ωβB
Z(βB)
+ |α|
)
|ψ+,φ〉〈ψ+,φ|
+
(
e−ωβB
Z(βB)
− |α|
)
|ψ−,φ〉〈ψ−,φ|+ 1
Z(βB)
|ψ0〉〈ψ0|
(D.2)
in the basis {|ψ0〉, |ψ+〉, |ψ−〉, |ψ1〉} defined by |ψ±,φ〉 =
(eiφ|01〉 ± e−iφ|10〉)/√2, |ψ0〉 = |00〉, |ψ1〉 = |11〉, and
the phase φ := argα is the argument of the correlations.
Then, the initial entropy can be obtained straightfor-
wardly,
S0S := −Trρ0S ln ρ0s
= lnZ(βS) + 2ωβS
e−ωβS
1 + e−ωβS
−
(
e−ωβS
Z(βS)
+ |α|
)
ln
[
1 + |α|eωβSZ(βS)
]
−
(
e−ωβS
Z(βS)
− |α|
)
ln
[
1− |α|eωβSZ(βS)
]
.
(D.3)
Combining (D.2) and (D.3) one can obtain an expression
of the variation of entropy ∆SS := S
∞
S − S0S which was
used to plot the graph 3 (a).
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